We consider an eigensolver for computing eigenvalues in a given domain and the corresponding eigenvectors of large-scale matrix pencils. The Sakurai-Sugiura (SS) method is an eigensolver based on complex moments given by contour integrals of matrix inverses with several shift points. This method has good parallel scalability, and is suitable for massively parallel computing environments. The SS method has several parameters, and the choice of these parameters is crucial for achieving high accuracy and good parallel performance. We discuss some numerical properties of the method, and present efficient parameter estimation techniques. We demonstrate the efficiency of our method with numerical experiments.
INTRODUCTION
Large-scale eigenvalue problems arise in many scientific and engineering areas such as nano simulation, vibration analysis, data analysis, etc. Massively parallel computers are used to solve such large-scale problems, and they require efficient algorithms for parallel computing.
In this paper, we consider the problem of finding several eigenvalues in a given domain and their corresponding eigenvectors of the generalized eigenvalue problem Ax = λBx, where A, B ∈ C n×n . In [14] , an eigensolver for generalized eigenvalue problems using complex moments is proposed. This method is called the Sakurai-Sugiura (SS) method. In the SS method, contour integrals with a corresponding eigenvectors for the original problem. Since the size of the projected subspace is assumed to be small compared with the original matrix size, the computational costs of the first step is dominant.
Krylov subspace methods for multiple right-hand sides are efficient for solving the linear systems (1) . In [11, 18] , methods to improve numerical stability and convergence for block Krylov subspace methods are presented. In the case of standard eigenvalue problems, the linear systems (1) are shifted linear systems, and a shift invariance of the Krylov subspace reduces computational costs to obtain solutions of linear systems at several shift points [12] . The application of the SS method with the shifted CG method for shell model calculations is reported in [10] . Futamura, et al. [5] presented efficient implementation techniques for solving such shifted linear systems in parallel computing, and a report of application for band structure calculations with the real space density functional theory on the K computer is presented. Yamazaki, et al. [20] implemented a nonlinear version of the SS method, and evaluated parallel performances of the method.
Each of the linear systems is independent with respect to the other shifts, so each can be solved without any consideration of the nodes assigned to different shifts in distributed computing. Therefore, the method provides coarse-grained parallelism of computation. By employing a parallel linear solver for each shift point, the total number of nodes is the product of the number of nodes assigned for each linear system and the number of shift points.
The SS method has several parameters, and the choice of these parameters is crucial for achieving high accuracy and good parallel performance. In this paper, we show some numerical properties of the method. The contour integral for a matrix inverse is regarded as a filter for an eigensubspace. When the contour integral is approximated by numerical quadrature, the quadrature error causes contamination of the eigencomponents corresponding to the eigenvalues located outside of the contour path. Based on these properties, we propose efficient parameter estimation techniques for the SS method.
In [4] , a method for stochastic estimation of number of eigenvalues in a given domain is proposed. This estimation can be used for predicting appropriate parameters. Maeda, et al. [9] extended this eigenvalue count method to nonlinear eigenvalue problems.
The rest of this paper is organized as follows. In Section 2, we briefly introduce the SS method. In Section 3, the properties of numerical quadrature applied for a matrix inverse are discussed. In Section 4, efficient parameter estimation methods are presented. Some numerical experiments are shown in Section 5. The last section concludes the paper.
A CONTOUR INTEGRAL-BASED EIGENSOLVER
In this section, we briefly introduce the SS method. For matrices A, B ∈ C n×n , let λ 1 , … ,λ n be eigenvalues of the matrix pencil A − λB, and let x 1 , … ,x n be corresponding eigenvectors. Let Γ be a positively oriented closed Jordan curve in the complex plane, and let G be a domain for which the border is given by Γ. We will find the eigenvalues inside Γ and the corresponding eigenvectors by using contour integrals.
Eigensubspace Obtained by Contour Integrals
Suppose that m eigenvalues λ 1 , … ,λ m are located inside Γ, and other eigenvalues are located outside Γ. Define a sequence of matrices F 0 , F 1 ,... as (2) For a matrix V ∈ R n×L with a positive integer L, let (3) where M is chosen such that LM ≥ m, and set
According to [14] , the column vectors of S are given by linear combinations of the eigenvectors with respect to the eigenvalues located inside Γ, and thus
if the column space of V includes x 1 , ... ,x m . V is called a source matrix for the contour integral. In practice, the elements of V are set by a random number generator. The eigenvectors x 1 , ... , x m are obtained from S when the maximum multiplicity of the eigenvalues in Γ is less than or equal to L.
Using the Rayleigh-Ritz procedure with S, we can extract the eigenpairs. Let the singular value decomposition of S be
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In this computation, the singular value decomposition of S is not required. A disadvantage using the Hankel matrices with the moment matrices M k is numerical instability comparing with the Rayleigh-Ritz procedure in the case of numerical computation with large m.
In the case of the nonlinear eigenvalue problem T (λ)x = 0 with a matrix valued function T (λ), the integrand 2] . Note that the derived eigenvalue problem with Hankel matrices are linear even if the original problem is nonlinear. In [3] , the integrand in the contour integral (6) is replaced by
Approximation by a Numerical Quadrature
The contour integral in (2) is approximated by an N-point numerical quadrature. Suppose that a Jordan curve Γ is represented by scaling and shifting from a Jordan curve Γ 0 with a scaling factor ρ and a shift γ. Without any loss of generality, we assume that Γ 0 encloses the origin. Let ζ(θ) be a point on Γ 0 with a parameter θ, 0 ≤ θ ≤ 2π, and let z on Γ be given by Then the contour integral of a function f (z) is given by 8) where w (θ) = -iζ ′ (θ). The integral (8) is approximated by the N-point quadrature rule (9) where w j = w (θ j ) ∆ j /(2π), ζ j = ζ(θ j ) and z j = γ + ρζ j with appropriate θ j and
Since for integer k, the quadrature points ζ 1 , …, ζ N on Γ 0 and the corresponding weights w 1 , …, w N are set to satisfy (10) where ν is a nonzero constant.
In particular, when Γ is a circle with center γ and radius ρ, and the quadrature points are set as
where
is the unit circle and the quadrature weights are given by
In the case that all the eigenvalues are located on the real axis, it might be better to put the quadrature points closer to the real axis as follows:
with a vertical scaling factor 0 < α < 1. The corresponding quadrature weights are given by
In [12] , quadrature points are set on straight lines to reuse solutions of linear systems. The Gauss-Legendre quadrature rule on a circle is used for the numerical quadrature in [13] .
Using the quadrature rule (9), F k and S k are approximated by (13) and (14) Matrices F and S are approximated by
The Rayleigh-Ritz procedure for Ŝ gives the approximate eigenvalues λ i and the eigenvectors x i . Let the singular value decomposition of Ŝ be where ∑ = diag(σ 1 ,… ,σ LM ). Let K be the number of singular values of Ŝ that satisfy σ i ≥ δ, 1 ≤ i ≤ K with small δ > 0. We calculate the projected matrices as (15) Let ŵ 1 ,…, ŵ K be the eigenvalues of the matrix pencil Â -λB, and let r 1 ,… , r K be the corresponding eigenvectors. Then the approximate eigenvalues inside Γ are given by
and the corresponding eigenvectors are given by
),ˆˆ(:, : )ˆ(:, : ).
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FILTERING FOR A SUBSPACE
In this section, we discuss the properties of the subspace obtained by the numerical quadrature (14) from the view-point of a filter for a subspace.
Here, for simplicity, we consider the case that all the eigenvalues inside Γ are simple, and the inverse of the matrix zB -A is expanded as (17) where x i and y i are the right and left eigenvectors corresponding to the eigenvalue λ i . This expansion can be generalized to the case of multiple eigenvalues and nonlinear problems ( [2, 3, 14] ).
With the expansion (17) , from the residue theorem, we have and Define a function
and S k is represented as This equation shows that a projected component associated with P i in V is filtered with the factor F k (λ i ). Therefore the function F k (λ) is regarded to give the factor of filtering with respect to λ.
For the case that the contour integral is approximated by the numerical quadrature, we define the corresponding filter function by
The following result is obtained. 
Thus we have eqn (18) . If (λ−γ)/ρ is sufficiently large then the filter Fˆk(λ) is approximated by (19) This implies that the eigencomponents corresponding to the eigenvalues located outside Γ in each column vector of Sˆk = F k V are reduced in proportion to the (-N + k)-th power of magnitude of the scaled distance (λ−γ)/ρ.
Suppose that the integer m ′ is taken as (20) with small δ > 0. Then, from eqn (18), we have
EFFICIENT PARAMETER ESTIMATION AND IMPLEMENTATION 4.1. Selection of Subspace Size
The SS method has some parameters, and the choice of these parameters affects the accuracy and performance of the method. The number of quadrature points N determines the number of systems of linear equations to solve, and consequently N specifies the number of computing nodes to use in parallel computing. Therefore we assume that N is fixed in advance. In practice, N is chosen as N = 16 or 32 depending on the number of computing nodes or memory requirements, and it is not necessary to take a large N to reduce the quadrature error as was observed in the previous section. 
The parameter M specifies the upper bound of the degree of moments. Increasing M gives a larger subspace size LM. However, the decay factor of the filter depends on -N + k with 0 ≤ k ≤ M -1, and a large M diminishes the performance of the filter. Considering a performance of the filer and computational costs, we set M = N / 4.
The number of column vectors LM of Sˆshould be taken such that the minimum singular value of Sˆbecomes sufficiently small. Since M depends on N, we shall extend the number of column vectors of Sˆby increasing the number of source vectors L. Since m ′ is larger than or equal to m, an approximation for m can be used as a lower bound of m ′ . To predict m, we use the stochastic estimation method proposed in [4, 9] . The number of eigenvalues inside Γ is given by However, the cost of computing the trace of the matrix inverse is large if the matrices are large. The trace of (zB-A) -1 B is approximated by with an integer L 0 , where the elements of the sample vectors v i ∈ » n are taken as -1 or 1 with equal probability. The contour integral is approximated by the N-point numerical quadrature. Thus, the estimated number of eigenvalues m is given by Note that and Sˆ0 can be used for the stochastic estimation of the number of eigenvalues by setting 
Using m, we set the approximation of m′ as κm with a parameter κ ≥ 1, and consequently we set L = m′/M κm/M, where x returns the smallest integer not less than x. When the subspace size LM is not sufficiently large, the minimum singular value σ min of Ŝ is not small. In this case, we increment L until σ min satisfies the condition σ min ≤ δ×σ 1 with small δ > 0. The computation of the singular values of Ŝ is rather expensive, so we may use the Hankel matrix Ĥ instead of Ŝ.
Iterative Refinement of a Subspace
After setting appropriate L, we apply the Rayleigh-Ritz procedure with Ŝ. The increase of L causes an increase in the size of the projected subspace. It causes an increase in the cost for computing the singular value decomposition of Ŝ and the solution of the projected eigenvalue problem with matrices Â and B. To avoid increasing the size of the projected space, we restrict the size of L, and apply the recurrence refinement described below.
Setting Ŝ 0 (0) = Ŝ 0 , and recurrently applying F 0 , we have (21) Using Ŝ 0 (r -1) , the output matrix with r refinements is given by (22) and
The corresponding filter is given by (F k (λ)) r approximated by Therefore the recurrence application of the filter process makes the decay factor of the filter smaller. The refinement is terminated if the smallest singular value of Ŝ (r) becomes sufficiently small with a threshold δ > 0.
In the case that some residuals of the obtained approximate eigenpairs are not small enough for a given tolerance, we can brush up the resulting approximate eigenpairs by setting the source matrix of the SS method as where C ∈ » m×L for which the elements are given by random numbers, and x 1 ,…,x m are the selected eigenvectors that are regarded as the approximate eigenvectors with respect to the eigenvalues inside Γ. This refinement technique using approximate eigenvectors for the source matrix V is used in [13] .
Linear Solvers for a Complex Shift
When A and B are real symmetric, the shifted matrix C = zB-A with a complex shift z is complex symmetric. Therefore, a linear solver for complex symmetric systems is used to solve the system
For a direct solver, the modified Cholesky factorization saves computational costs for factorization. For an iterative solver, Krylov subspace methods for complex symmetric systems, such as the COCG method, can be used.
When Γ is symmetric with respect to the real axis, the quadrature points are set as z N-j+1 = zj , j = 1,…, N/2. Then, for real matrices A and B, the solutions at z N-j+1 are obtained by without any computations on z N-j+1 .
When A and B are Hermitian, we use the property If the LU factorization at z j is calculated as z j B -A = LU then we have Therefore the LU factorization at z j can be used for the calculation at z N-j+1 .
NUMERICAL EXAMPLES
In this section we show some numerical examples. The computations are performed in MATLAB 8.0.0. in double precision arithmetic. Random numbers are generated by the function rand, and the projected small eigenvalue problems are solved by eig. The systems of linear equations are solved by lu. The factorized matrices are held during the computation, and only triangular solves are applied in the recurrence refinements. In the following examples, the quadrature points are set by eqn (11) and the corresponding weights are set by eqn (12) with α = 0.1. The relative residual for the eigenpair (λ i , x i ) is calculated by
We removed the eigenvalues with res i ≥ 10 -2 inside Γ as spurious eigenvalues. Example 1. The matrices A and B are taken from BCSSTK11 and BCSSTM11 of the BCS Structural Engineering Matrices in Matrix Market [8] .
A and B are real symmetric and B is positive definite. The matrix dimension is n = 1, 473 with 34, 241 nonzero entries. The parameters are set as N = 16 and L = 16. The domain is set as γ = 10 3 and ρ = 5 × 10 2 . In this example, L is fixed, and the iterative refinement is not applied.
The results are shown in Table 1 . The number of singular values that are greater than δ = 10 -12 is K = 18. Therefore 18 eigenvalues are obtained from the projected problem, of which 7 eigenvalues are located inside Γ. The residuals of the eigenvalues located inside Γ are small, however the residuals of the eigenvalues located outside Γ are related to the scaled distance η i =(λ i −γ)/ρ. Example 2. In this example, we apply the iterative refinement defined by (21) In Figure 1 , The singular values of Sˆ( r) at r-th refinement are shown. We can see that the ratio of the minimum singular value and the maximum singular value increases by the iterative refinement. After two refinements, the minimum singular value becomes small enough. Table 2 shows the residuals of the calculated eigenvalues located inside Γ. In the table, the notation mean(res i ) is given by the geometric mean of the residuals defined by where m is the number of calculated eigenvalues located inside Γ. In Table 3 , we show the residuals of the eigenvalues located inside Γ. The number of eigenvalues in Γ is m = 30 and the estimated number of eigenvalues is m = 32.7. The number of iterative refinement is 2. parameters are the same as in Example 3. The domain is set as γ = 10 6 and ρ = 4 × 10 5 .
In Table 4 , we show the residuals of the eigenvalues located inside Γ. The number of eigenvalues in Γ is m = 73 and the estimated number of eigenvalues is m = 77.7. The number of column vectors of V is L = 55 and the number of iterative refinement is 2. The maximum, mean and minimum residuals are 2.1 × 10 −10 , 8.6 × 10 −12 and 2.7 × 10 −13 , respectively. We can obtain the eigenpairs in the given domain with the same initial parameters.
Example 5. The matrices A and B are derived from molecular orbital calculations for a model DNA [19] . In Table 5 , we show the number of eigenvalues in the given interval ( ev), the estimated number of eigenvalues (Est. ev), the number of column vectors of V (L), the number of iterative refinement ( refinement) and the maximum residuals of eigenvalues in the interval (max(res i )). In the results, the maximum residuals are sufficiently small by estimating appropriate L and the number of iterative refinement for each domain.
CONCLUSIONS
In this paper, we considered an eigensolver for computing the eigenvalues in a given domain and the corresponding eigenvectors of large-scale matrix pencils. The Sakurai-Sugiura (SS) method is an eigensolver based on complex moments given by the contour integrals of the matrix inverses with several shift points.
Some numerical properties of the method were presented from the view-point of a filter for a subspace. According to the results, efficient parameter estimation techniques were shown. The contour integral for a matrix inverse is regarded as a filter for an eigensubspace. When the contour integral is approximated by a numerical quadrature, the quadrature error causes contamination of the eigencomponents corresponding to the eigenvalues located outside of the contour path. We demonstrated the efficiency of our method with numerical experiments.
In the numerical experiments, we used a sparse direct solver. The use of iterative linear solvers for multiple right-hand sides such as block Krylov subspace solvers are useful because our eigensolver requires very small number of iterative refinement. The combination of block iterative linear solvers and performance evaluation with such solvers in practical problems remain as future work. We are implementing a software package of the SS method for large-scale parallel computing. Applications of practical problems and performance evaluations of the presented method in a massively parallel computing environment also remain as our future work. 
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